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anism of the interceptor are ﬁrstly explored. A mathematical model of the distorted RS is then for-
mulated through a dimension–reduction analysis. By treating the outer boundary of the RS on
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is depicted by the computational geometry theory. Based on RS model, the algorithms of intercept
window analysis and launch parameters determination are proposed, and numerical simulations are
carried out for interceptors with different energy or launch points. Results show that the proposed
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interceptor engagement analysis. The suggested RS model also serves as a ready reference to other
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In the kill chain of ballistic missile defense, engagement analy-
sis refers to a process of computing the set of all possible inter-
cept solutions, selecting a predicted intercept point (PIP) and
determining the launch parameters of the interceptor.1,2 This
process is of critical signiﬁcance since it determines the conse-
quent engagement geometry between the interceptor and tar-
get. For the purpose of effective interception, theengagement analysis should be accomplished accurately and
speedily. However, existent approaches usually solve the prob-
lem by means of iteration or traversal,3,4 which call for inten-
sive on-line computation and restrict the effectiveness of the
defense.
To improve the effectiveness of exoatmospheric intercep-
tion, this paper addresses the problem of engagement analysis
from a reachable set perspective. Reachable set (RS), which
designates the set of all reachable states of a system, is a widely
used term in performance analyses of ﬂight vehicles. As a crit-
ical metric of ﬂight vehicle capacity, RS provides a powerful
and potential tool to the researchers in the ﬁelds of ﬂight vehi-
cle’s overall design, mission analysis and effectiveness evalua-
tion, etc.
Most of the existing literatures focus on the RS analyses of
aircraft and entry vehicles. Based on attainable equilibrium set,
Goman et al.5 presented a study of aircraft’s performance and
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mal scheme for reachable and controllable sets of a planetary
entry vehicle and discussed the sets’ practical value in entry
mission analysis and design. Saraf et al.7 developed a fast opti-
mization method to calculate the landing footprint for on-
board entry management. Besides, much literature has been
dedicated to the description and application of interceptor
RS,8–10 or equivalent concepts, but none of their methods is
applicable to the problem of engagement analysis.
In the design of interceptor system, Salmon and Heine8 per-
formed tradeoffs between interceptor controllability and sen-
sor accuracy by an RS analysis and avoided computation-
intensive Monte Carlo simulation. In their study, calculation
of interceptor RS was treated as a nonlinear stochastic control
problem of a system as
_xI ¼ fIðxI; u; t; pÞ þ wI ð1Þ
where fI() denotes the dynamic process of the system; xI is the
interceptor state vector; u2U (p, xI) is the interceptor control
vector, with U (p, xI) the set of allowable interceptor controls;
p is a vector of system parameters; t is time and wI is noise pro-
cesses. Fig. 1 illustrates the projection on a plane of the intercep-
tor RS with lateral control only. In Fig. 1, the bold lines depict
the RS at time tf, while t0 is the initial time; and umax is the
maximum control that can be imposed on the interceptor. The
thickness in the axial direction is caused by the possible
zig-zag maneuver of the interceptor, represented by the dashed
line. It is obvious that the RSmodel proposed in Ref.8 is helpful
to terminal phase analyses of the interceptor. However, the
boost and coast phase ﬂights have been ignored during themod-
eling. That is to say, the achieved RS is actually a reduced one
that cannot handle the problem of engagement analysis.
For the overall design of the homing anti-aircraft missile,
Zhang9 introduced a concept of theoretical kill zone to charac-
terize missile capability. In his study, the theoretical kill zone
was calculated based on theoretical trajectories and depicted
in terms of operation altitude, operation range and kill depth,
etc. Due to the relatively small operation radius and short
ﬂight time of anti-aircraft missiles, the rotation and oblateness
of the Earth were neglected in the calculation. As a result, the
theoretical kill zone became isotropic. However, when investi-
gating the outer space interceptor, the characteristics of the
Earth cannot be ignored, thus the theoretical kill zone is not
applicable to the current problem.
In order to avoid the launch collision between a rocket and
an orbiting satellite platform, Alfano10 investigated the kine-
matic access of the ballistic vehicle. In his study, the thrusting
rocket was treated as a ballistic vehicle that received all itsFig. 1 Projection on a plane of the interceptor RS with lateral
control only.energy at launch and followed a simple, planar, ballistic trajec-
tory to the target, thereby all three phases (boost, coast and
terminal) of the trajectory were approximated as one simple
exoatmospheric phase. Moreover, the Earth was assumed to
be a rotating sphere. These assumptions allow an explicit
description of the kinematic access based on simple two-body
orbital dynamics, yet result in a reduction of precision. In the
engagement analysis, a high precision is a precondition to
improve the success rate of interception. Therefore, the actual
boost ﬂy-out proﬁles and the Earth oblateness would be
required to reﬁne the proposed kinematic access.
In this paper, an emphasis is placed on the analysis of the
effect of the Earth rotation and oblateness on the interceptor
RS. In addition, an implicit equation of the interceptor trajec-
tory is provided to characterize the boost phase ﬂight. The
objective of this paper is to develop a more accurate and efﬁ-
cient interceptor RS model which is applicable to engagement
analysis and other related applications. To this end, the precise
deﬁnition, construction approach, boundary description
method, and engagement analysis algorithms of the interceptor
RS are investigated in the following sections.
2. RS model considering Earth rotation
Before the study, several assumptions of this paper need to be
clariﬁed.
(1) Earth
The Earth is assumed to be a rotating ellipsoid and only the
J2 (the second order zonal harmonic coefﬁcient of the Earth)
perturbation is considered.
(2) Interceptor
For exoatmospheric interception, the objective of engage-
ment analysis is to design the nominal trajectory by which
the interceptor reaches PIP at a predetermined time. During
this process, if all the boost, coast and terminal phase controls
are taken as design variables, the trajectory design would
become quite complicated and computation-intensive. Besides,
according to the relevant data about typical exoatmospheric
interceptors such as ground-based interceptor (GBI) and stan-
dard missile-3 (SM-3), the control forces in coast and terminal
phases are much smaller than the rocket thrust in boost phase.
Therefore, a more advisable way is to determine the nominal
trajectory through boost phase steering and to correct the
minor deviation between the nominal and actual situation
through coast and terminal phase controls. Obviously, the
coast and terminal phase controls would make no sense if
the nominal trajectory was badly designed.11
Since this paper aims to provide an advanced RS model for
engagement analysis, the coast and terminal phase controls are
neglected during the study. Instead, more attention is paid to
the boost phase steering of the interceptor. Moreover, the
interceptor trajectory is assumed to end at its apogee (i.e.
ascent-only trajectory).(3) Target
In the RS-based engagement analysis in this paper, the tar-
get can either be maneuvering or non-maneuvering, and its
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is that the target’s states should be predictable for the detection
system of the defense.
2.1. Coordinate systems
Three orthogonal coordinate systems are introduced in the fol-
lowing text, as shown in Figs. 2 and 3. One is the well-known
Earth-centered Earth-ﬁxed (ECEF) coordinate system OE–XE-
YEZE. The second is the launch coordinate system O-xyz with
its origin O located at the interceptor launch point, where B0
and k0 denote the geodetic latitude and longitude respectively,
while H0 would be used to refer to the altitude of O. The Ox-
axis lies in the local horizontal plane of O towards the aiming
point, the Oy-axis is vertical to the local horizontal plane with
upward orientation, and the Oz-axis is orthogonal to the Ox
and Oy-axes satisfying the right hand rule. The angle between
Ox-axis and the true north direction of O is called launch azi-
muth, denoted by A0. For the need of RS modeling, the third
coordinate system named translational north-zenith-east
(TNZE) system OC-NZE is introduced, with its origin OC
located at the prime vertical curvature center of O and the three
axes parallel to the axes of local north-zenith-east system of O
respectively. Considering the assumption that the Earth is aMGE ¼
 sinA0 sin k0  cosA0 sinB0 cos k0 sinA0 cos k0  cosA0 sinB0 sin k0 cosA0 cosB0
cosB0 cos k0 cosB0 sin k0 sinB0
 cosA0 sin k0 þ sinA0 sinB0 cos k0 cosA0 cos k0 þ sinA0 sinB0 sin k0  sinA0 cosB0
2
64
3
75 ð2Þrotating ellipsoid, OC is not coincident with the Earth center
OE, but lies on the rotating axis of the Earth, as shown in Fig. 3.
The conversion matrix from the ECEF coordinate system
to the launch coordinate system is
The radius vector of O in the ECEF coordinate system can
be written as
rEO ¼ V cosB0 cos k0;V cosB0 sin k0;Vð1 e2Þ sinB0
 T ð3ÞFig. 2 Launch coordinate system and ECEF coordinate system.with V ¼ aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1e2 sin2 B0
p .Where a and e are the semimajor axis and
eccentricity of the Earth ellipsoid respectively; V is the curva-
ture radius of the prime vertical at O, or equivalently the
length of the vector OCO.
Additionally, the conversion matrix from the launch coor-
dinate system to the TNZE coordinate system is
MNG ¼
cosA0 0  sinA0
0 1 0
sinA0 0 cosA0
2
64
3
75 ð4Þ
and the radius vector of O in the TNZE coordinate system can
be written as
rNO ¼ 0; V; 0½ T ð5Þ
The TNZE coordinate system is a Cartesian frame with its
origin near the Earth center and its axes localized. This makes
it convenient for the modeling of RS. Furthermore, a spherical
coordinate system OC-abh and a spherical polar coordinate
system OC-Lch are deﬁned, as shown in Fig. 4. The ﬁctitious
sphere is centered at OC with its radius equal to r, and P is a
random point on the sphere surface. J and K are the intersec-
tions of the OCN-axis and OCZ-axis and the sphere surface,
respectively. Deﬁne the angle a between the vector OCP and
the plane ZOCE as the relative latitude of P (a e [p/2, p/2]),and the angle b between projection of the vector OCP on the
ZOC E plane and the OCZ-axis as the relative longitude of P
(b e (p, p]). In the spherical triangle JKP, the spherical sector
associated with the great circle arc KP is referred to as the
range of P, denoted by L, and the spherical angle c originating
from JK between the great circle arc JK and KP is called the
azimuth of P, c e [0, 2p). To describe the interceptor trajectoryFig. 3 Launch coordinate system and TNZE coordinate system.
1516 H. Chai et al.intuitionally, an equivalent altitude is introduced and denoted
by h, with h = rV. Obviously, any of the three coordinate
systems of (N, Z, E), (a, b, h) and (L, c, h) can uniquely deter-
mine a position in space. The transformation relations between
these coordinates are given by Eqs. (6) and (7).
N ¼ ðhþ VÞ sin a
Z ¼ ðhþ VÞ cos a cos b
E ¼ ðhþ VÞ cos a sinb
8><
>: ð6Þ
cosL ¼ cos a cosb
cos c ¼ sin a
sinL
8<
: ð7Þ
Note that in Eq. (7) there is a singularity when L= 0 or
L= p. However, according to the operation domain of exoat-
mospheric interceptor, it is impossible for L to achieve p;
moreover, L= 0 means that the interceptor stays at its launch
point, which makes no sense for the construction of RS. That
is to say, the singularity is not going to happen during the
modeling of interceptor RS in this paper. Similar explanation
also applies to the singularity problem in Eq. (20).
2.2. Implicit equation of interceptor trajectory
In the design of the boost ﬂy-out proﬁle of an interceptor,
there are two parts to adjust. One is the launch azimuth A0
which deﬁnes the launch orientation of the interceptor, and
the other is the boost phase steering scheme which deﬁnes
the trajectory shape in different orientations. For exoatmo-
spheric interceptors, the boost phase steering generally com-
prises a ﬂight program steering for the ﬁrst stage and a
closed-loop guidance for the second and third stages12–14; the
former steers the interceptor across the dense atmosphere
and the latter guides the interceptor to a predestined target.15
During this process, a trajectory shaping term is always intro-
duced to produce ﬂy-out proﬁles with different shapes.4
In the current study, the modiﬁed cross product guidance
(MCPG) method in Ref.15 is employed for the second and
third stage guidance. Moreover, the desired ejection angle at
the end of second stage is drawn as the shaping term for trajec-Fig. 4 Spherical coordinate system and spherical polar coordi-
nate system.tory design, which is denoted by u0. Therefore, the interceptor
trajectory can be described as
rt ¼ fIPðA0; u0; t; rOÞ ð8Þ
where rt denotes the position of the interceptor at time t, and
rO is the launch point of the interceptor. As shown in Eq. (8),
for a ﬁxed launch point rO, once A0 and u0 are selected, the
interceptor trajectory is determined uniquely. Hence, A0 and
u0 are called launch parameters of the interceptor.
Based on the implicit interceptor trajectory equation pre-
sented above, the deﬁnition of interceptor RS can be given
as follows.
Deﬁnition 1. The intercept RS RrO is the set of reachable
positions of the interceptor corresponding to feasible launch
parameters with launch point rO, that is
RrO ¼
rx : 9A0x; u0x and tx with
rx ¼ fIPðA0x; u0x; tx; rOÞ
 
ð9Þ
where rx is an arbitrary point in RrO ; A0x, u0x and tx denote the
feasible launch parameters related to rx.
Note that RrO is called R for short hereinafter.
2.3. Mechanism of interceptor trajectory distortion
Neglecting the Earth rotation, the interceptor dynamic equa-
tions can be given as
dr
dt
¼ v
m
d2r
dt2
¼ Pþ Rþ FC þmgþ F0k
8><
>: ð10Þ
with r 0ð Þ ¼ rO, v 0ð Þ ¼ 0.
Where r is the position vector; v is the velocity vector; P
denotes the thrust of rocket; R is the draft; FC is the control
force, m is the mass; g is the acceleration of gravity; and F0k
is the additional Coriolis force.
When the Earth is considered as a rotating ellipsoid with
angular velocity xe, the dynamic equations change and the
interceptor trajectory is distorted consequently. In an inertial
frame, the interceptor acquires a connected velocity at the
moment of launch, as shown in Eq. (11).
dr
dt
¼ v
m d
2r
dt2
¼ Pþ Rþ FC þmgþ F0k
(
ð11Þ
with r 0ð Þ ¼ rO, v 0ð Þ ¼ xe  rO.
For a launch point that lies on the equator, the connected
velocity can reach 465 m/s. In an Earth-ﬁxed frame, such as
the launch coordinate system, the interceptor is affected by
the additional inertial forces, as shown in Eq. (12).
dr
dt ¼ v
m d
2r
dt2 ¼ Pþ Rþ FC þmgþ F0k þ FCEN þ FCOR
(
ð12Þ
with r 0ð Þ ¼ rO, v 0ð Þ ¼ 0.
Where FCEN = mxe · (xe · r) denotes the centrifugal
inertial force; FCOR = 2mxe · v denotes the Coriolis inertial
force; and ddt is the relative derivative in the rotating frame.
Fig. 5 illustrates Rs in different cases respectively, with A0
varying in the range of [0, 2p) and u0 = 0. As shown in
Fig. 5, when Earth rotation is neglected, R is almost isotropic
Reachable set modeling and engagement analysis of exoatmospheric interceptor 1517(see Fig. 5(a) and (b)). The word almost involves the truth that
the Earth is not a homogeneous sphere. As a result, the force
situations of trajectories towards different orientations are
slightly different, which makes the shapes of trajectories
slightly different, too. This phenomenon can be illustrated
clearly by Figs. 6 and 8 in Section 2.4, where the curves with
circle are not strictly straight. When Earth rotation is taken
into account, R deforms evidently, whether in an inertial frame
(see Fig. 5(c) and (d)), or in an Earth-ﬁxed frame (see Fig. 5(e)
and (f)). Therefore, it is necessary to explore the problem of
distorted R’s modeling. Note that Rs in Fig. 5 are produced
by an interceptor launched from the point 0/0/0 m (geodetic
coordinates). A change of launch point may generate different
conﬁgurations of R.Fig. 5 ConﬁguIn this paper, the problem of distorted R’s modeling is
addressed with reference to two Earth-ﬁxed frames, namely,
the launch coordinate system and the TNZE system. These
frames are superior to inertial ones for the following
reasons:
(1) During the engagement analysis of interception, the
launch moment of interceptor is an unknown variable
to be determined. Describing R in an Earth-ﬁxed frame
can avoid its displacement relative to the reference frame
caused by the change of launch moment, hence simplify
the analysis.
(2) It is more intuitional for the analyst to perform engage-
ment analysis in an Earth-ﬁxed frame.rations of R.
Fig. 6 L-A0 proﬁles at different equivalent altitudes.
1518 H. Chai et al.In what follows, an effort is made to give more detailed
analyses of FCEN and FCOR in the launch coordinate system.
The angular velocity vector of the Earth in the ECEF system
is expressed as
xEe ¼ 0; 0; xe½ T ð13Þ
where xe is the mode of xe.
From Eqs. (2) and (3), we have
rGO ¼
rOx
rOy
rOz
2
64
3
75 ¼
Ve2 cosA0 sinB0 cosB0
Vðe2 sin2 B0  1Þ
Ve2 sinA0 sinB0 cosB0
2
64
3
75 ð14Þ
where rGO denotes the radius vector of O in the launch coordi-
nate system; rOX, rOY and rOZ are the components of r
G
O along
the coordinate axes.
xGe ¼
xex
xey
xez
2
64
3
75 ¼ xe
cosB0 cosA0
sinB0
 cosB0 sinA0
2
64
3
75 ð15Þ
where xGe denotes the angular velocity vector of the Earth in
the launch coordinate system; xex, xey and xez are the compo-
nents of xGe along the coordinate axes.
Substituting Eqs. (14) and (15) into Eq. (12) yields
FGCEN ¼ m
x2ex  x2e xexxey xezxex
xexxey x2ey  x2e xeyxez
xezxex xeyxez x2ez  x2e
2
64
3
75
xþ rOx
yþ rOy
zþ rOz
2
64
3
75
FGCOR ¼ m
0 2xez 2xey
2xez 0 2xex
2xey 2xex 0
2
64
3
75
vx
vy
vz
2
64
3
75
8>>>>><
>>>>>:
ð16Þ
where FGCEN and F
G
COR are the centrifugal inertial force and
Coriolis inertial force in the launch coordinate system, respec-
tively; x, y and z are the components of r along the coordinate
axes; vx, vy and vz are the components of v along the coordinate
axes.
At the initial point, we have
FGCENð0Þ ¼ m
Vx2e cosA0 sinB0 cosB0
Vx2e cos2 B0
Vx2e sinA0 sinB0 cosB0
2
64
3
75
FGCORð0Þ ¼ 0
8>><
>>:
ð17Þ
Apparently, in the presence of FCEN and FCOR in Eqs. (16) and
(17), the trajectory distortion of an interceptor in the launch
coordinate system is primarily dominated by the launch lati-
tude B0 and launch azimuth A0. Since the Earth is considered
as a rotating ellipsoid, the launch longitude k0 makes no differ-
ence to the trajectory distortion due to axial symmetry. Differ-
ent distortion levels of trajectories corresponding to different
A0s are illustrated and discussed in the next Section.
2.4. Dimension–reduction analysis of distorted R
Suppose that the launch point of the interceptor is ﬁxed and u0
is constant. Let A0 vary in the range of [0, 2p). Trajectories
with different shapes in different orientations are shown in
Fig. 5. In this paper, the deviations of L and c are employed
to characterize different distortion levels of trajectories in dif-ferent orientations. Fig. 6 shows the range-launch azimuth
proﬁles at different equivalent altitudes. It is seen from
Fig. 6 that for the trajectories with h 2 [600 km, 1000 km],
the L-A0 proﬁles look like some trigonometric function curves.
For A0 close to p/2 or 3p/2, the deviation of L reaches its extre-
mum, whereas for A0 close to 0 or p, the deviation of L
becomes smaller, and approaches to 0. When h increases from
600 km to 1000 km, the deviation amount of L tends to
increase. Note that the Earth rotation also results in a change
of trajectory apogee, as shown in Figs. 5 and 6. The eastward
launching interceptors acquire additional energy from Earth
rotation and their apogees become higher; on the contrary,
the westward launching interceptors lose some of their veloci-
ties thus their apogees become lower. Fig. 7 shows the launch
azimuth proﬁles of the azimuth deviation Dc at different equiv-
alent altitudes, where Dc= cs  cr, with cs and cr the azimuths
corresponding to static and rotating Earth, respectively. From
Fig. 7, it can be seen that for the trajectories with h 2 [600 km,
800 km], the Dc  A0 proﬁles look like some trigonometric
function curves, too. Similarly, for A0 close to p/2 or 3p/2,
Dc equals to 0, whereas for A0 close to 0 or p, Dc reaches its
extremum.
It is also necessary to study the trajectory distortion with
consideration of u0’s change. Fig. 8 shows the range-launch
azimuth proﬁles with different values of u0 on the sphere sur-
face with h = 1000 km. When u0 increases from 0 to 10, the
trajectory of interceptor turns steeper and the deviation
amount of L decreases. For the purpose of determining the
boundaries of R, we are much more interested in the points
with maximum or minimum range in each orientation. Observ-
ing the curves with asterisk in Fig. 8, the following conclusions
can be obtained. On the sphere surface with a certain equiva-
lent altitude: (1) the inner boundary of R is determined by a set
of trajectories with maximum u0 in each orientation; (2) the
determination of the outer boundary of R is more complicated.
In different orientations, the u0 values of trajectories deﬁning
the outer boundary may be different. In fact, the determina-
tion of the outer boundary of R can be modeled as a spherical
convex hull problem, which is elaborated in Section 3. Fig. 9
shows the Dc  A0 proﬁles with different values of u0 on the
sphere surface with h = 1000 km.
According to the above analysis, the distorted R has a com-
plicated and irregular conﬁguration in the TNZE frame due to
Fig. 10 R on sphere surface (h = 1000 km).
Fig. 8 L-A0 proﬁles with different values of u0(h = 1000 km).
Fig. 9 Dc-A0 proﬁles with different values of u0(h = 1000 km).
Fig. 7 Dc-A0 proﬁles at different equivalent altitudes.
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Instead, a ﬂexible alternative dimension–reduction approach is
adopted. First, a two-dimensional reachable set Rh0 can be
obtained by intersecting the distorted R with the spherical shell
of h = h0, where h0 is an arbitrary equivalent altitude that the
interceptor can achieve. Rh0 represents a reachable set of inter-
ceptor on the sphere surface, which is composed of a bundle of
curves corresponding to different u0s, as shown in Fig. 10.
Then, intersecting Rh0 by the great circle of c= c0 gives a
one-dimensional reachable set Rh0c0 , where c0 is an arbitrary
azimuth among 0 to 2p. Rh0c0 represents the reachable set of
the interceptor in a certain orientation on the sphere surface.
The dimension–reduction analysis helps model the dis-
torted R as
Rh ¼ rP : rP 2 R; hP ¼ hf g
Rhc ¼ rP : rP 2 R; hP ¼ h; cP ¼ cf g
R ¼
[
h2½hmin ; hmax 
Rh ¼
[
h2½hmin ; hmax 
[
c2½0; 2pÞ
Rhc
 !
8>><
>>:
ð18Þ
where rP is an arbitrary point in R, hP and cP denote the equiv-
alent altitude and azimuth of rP respectively. Note that an alti-
tude range is imposed to R according to the general operation
domain of exoatmospheric interceptors, namely, the lower
bound hmin and the upper bound hmax.
3. Description of R envelope
In this section, a method of R envelope description is provided,
which includes two steps: ﬁrstly, determine the sets of Rh
boundary points; secondly, interpolate the sets based on the
B-spline theory to get approximate boundary curves of Rh.
3.1. Calculation of spherical convex hull
(1) Inner boundary set
According to the relation between the interceptor trajectory
and the launch parameter u0 (the greater u0 is, the steeper the
trajectory is), the inner boundary set of Rh can be acquired
directly by
1520 H. Chai et al.Si ¼ rP : rP 2 Rh;u0P ¼ u0maxf g ð19Þ
where u0P denotes the launch parameter u0 corresponding to
rP; u0max denotes the maximum value of u0.
(2) Outer boundary set
The determination of the outer boundary set is similar to a
classical problem in computational geometry, namely, the cal-
culation of planar convex hull. The difference is that the pres-
ent problem is restricted to analysis and calculation on the
spherical surface. Therefore, it will be treated as a spherical
convex hull problem.10Deﬁnition 2. Suppose that S is a set consisting of many points
scattering on a sphere surface. The intersection of all the
hemispheres containing S is called S’s convex hull. A spherical
convex hull determines its associated spherical convex poly-
gon, whose sides are inferior arcs on the sphere surface and
vertices are the intersections of adjacent sides. A spherical
convex polygon has two signiﬁcant properties: (1) If cutting
the sphere in half with any great circle that contains a side, the
whole spherical convex polygon would lie in the same
hemisphere; (2) Any inferior arc that links two non-adjacent
vertices lies in the spherical convex polygon.
For the case in hand, a discrete Rh is treated as a spherical
point set, thus the vertex set of Rh’s convex hull is the outer
boundary set of Rh. It is worth noting that the aforementioned
ﬁrst property of the spherical convex polygon indicates that
the size of Rh’s convex hull is deﬁnitely smaller than a hemi-
sphere. Considering the operation domain of typical exoatmo-
spheric interceptors, this constraint does not affect the
calculation of Rh’s outer boundary set.
Many researchers investigated the calculation of the planar
convex hull,16–19 rather than the spherical convex hull. In this
paper, the algorithm in Ref. 17 is modiﬁed and a spherical con-
vex hull algorithm which meets the requirement of spherical
convex polygons is proposed.
First, a novel coordinate is introduced, as shown in Fig. 11.
Suppose that F= (a, b) is a point on the sphere surface, W is
a great circle that passes through F and the intersections of the
OCE-axis and the sphere. The spherical angle included by W
and the great circle lying on the ZOCE-plane is called the geo-
metric latitude of F, denoted by geometric latitude h, and
h e [p/2, p/2]. The relation between h and (a, b) is given by
Eq. (20). Obviously, the relative longitude and geometric lati-
tude on the sphere surface correspond to the horizontal and ver-
tical coordinates on the plane, respectively. The following
calculation of the spherical convex hull is based on (b, h) coor-
dinate system.
tan h ¼ tan a
cos b
ð20ÞFig. 11 Deﬁnition of geometric latitude.Deﬁnition 3. Denote Q as the vertex set of Rh’s convex hull
and P= (bP, hP) a vertex in Q. P is called an extreme point of
Q, if the coordinates of P satisfy any one of the following
conditions.
a: bP is minimum
b: bP is maximum
c: hP is minimum
d: hP is maximum
8>><
>>:According to Deﬁnition 3, there are at most eight extreme
points in Q, which divide Q into four subsets, Q1, Q2, Q3
and Q4. These subsets lie in subregions 1, 2, 3 and 4 in
Fig. 12 respectively, also represented in Fig. 12 is the subregion
5, which is a spherical convex polygon enclosed by the extreme
points.
Deﬁnition 4. Denote K= {Pi (bi, hi), i= 1, 2, . . . , n} as a
spherical point set. If all points’ coordinates satisfy Eq. (21), K
is called a monotonic increasing ordered point set; conversely,
if all points’ coordinates satisfy Eq. (22), K is called a
monotonic decreasing ordered point set.
bi < biþ1
hi < hiþ1

or
bi > biþ1
hi > hiþ1

ð21Þ
bi < biþ1
hi > hiþ1

or
bi > biþ1
hi < hiþ1

ð22ÞTheorem 1. In the vertex set Q, subset Q1 and Q3 are
monotonic increasing ordered point sets, while subset Q2 and
Q4 are monotonic decreasing ordered point sets.
Proof. Suppose Q1= {P1, P2, . . . , Pn}, and bi < bi+1, i= 1,
2, . . . , n  1.
If n = 3, the theorem is apparently correct.
If n > 3, suppose that h1, h2, . . . , hi increase monotonously,
while hi+1 < hi, as shown in Fig. 13. In the hemisphere, note
that the inferior arc PiPiþ1
_
crosses the great circle h= hi and
h= hi+1 only once. Thus it is inferred that:
(1) For P iP iþ1
_
and h= hi, in view of bn > bi, hn > hi, Pn is
above the inferior arc P iP iþ1
_
;
(2) For P iP iþ1
_
and h= hi + 1, in view of b1 < bi+1,
h1 < hi + 1, P1 is below the inferior arcP iP iþ1
_
. In other
words, P1 and Pn always lie on the opposite sides of
P iP iþ1
_
, which contradicts with the property of spherical
convex polygon.
Therefore, hi+1 < hi does not hold, which makes the subset
Q1 a monotonic increasing ordered point set. The proof of
other subsets is similar and is omitted here. h
Fig. 14 Inner and outer boundary sets of Rh(h = 1000 km).
Fig. 12 Extreme points of spherical set. Fig. 13 Proof of Theorem 1.
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f (Pi1, Pi, P) = 0 is the equation of the plane containing the
inferior arc _ Pi1Pi, and PC is an arbitrary point in
subregion 5 in Fig. 12, then Pi+1 and PC lie on the same
side of the plane that contains Pi1Pi
_
, namely
f Pi1;Pi;Plð Þ  fðPi1;Pi;Piþ1Þ > 0 ð23Þ
The proof of Theorem 2 can be given directly through the
ﬁrst property of the spherical convex polygon.
Based on Theorems 1 and 2, the spherical convex hull algo-
rithm is presented as ﬁve steps.
Step 1: Search for the extreme points of the spherical point
set S;
Step 2: Divide S into ﬁve subsets S1, S2, S3, S4 and S5 by its
extreme points, as shown in Fig. 12;
Step 3: Based on Theorem 1, extract the monotonic ordered
point subsets T1, T2, T3, T4 from S1, S2, S3, S4, respectively;
Step 4: Based on Theorem 2, extract the vertex subsets Q1,
Q2, Q3, Q4 from T1, T2, T3, T4, respectively;
Step 5: Obtain the vertex set of convex hull Q= Q1[ Q2[
Q3[ Q4.
The outer boundary set of Rh can be given by employing the
aforementioned algorithm. Fig. 14 shows the inner and outer
boundary sets of Rh with h = 1000 km.
3.2. B-spline interpolation of boundary sets
The interpolation of the boundary sets of Rh is actually a
spherical ﬁtting problem, rendering the classical planar ﬁt-
ting methods inapplicable. In this paper, the boundary
points of Rh are projected onto a plane by employing the
stereographic projection,20 thus the ﬁtting of the spherical
curve is transformed into a planar ﬁtting problem. The
spherical boundary curves can be obtained through back
projection.
The stereographic projection provides a rational parametric
representation of the sphere surface, namelySðu; vÞ ¼
Zðu; vÞ ¼ 4R2u
u2þv2þ4R2
Eðu; vÞ ¼ 4R2v
u2þv2þ4R2
Nðu; vÞ ¼ 2Rðu2þv2Þ
u2þv2þ4R2  R
8><
>: ð24Þ
where R denotes the sphere radius; u and v are the two argu-
ments on the projection plane.
Fig. 15 shows the points obtained by the stereographic pro-
jection in the uv-plane. Taking the outer boundary as an exam-
ple, the B-spline interpolation method of boundary curves is
introduced as follows. Suppose So = {Gk} (k = 0, 1, . . . , n),
is the outer boundary set lying on the sphere surface with
h = 1000 km, and Gk is the outer boundary point of Rh. Pro-
ject So onto the uv-plane and we obtain Wo = {Jk} (k = 0,1,
. . ., n), and Jk is the projective point of Gk. The third order
B-spline curve that ﬁtsWo should be a periodical, closed curve
with n+ 3 control vertices Li (i = 0, 1, . . . , n+ 2), and a
Fig. 16 Inner and outer boundary curves of Rh(h= 1000 km).
Fig. 15 Boundary sets in uv-plane.
1522 H. Chai et al.node vector T= [t0, t1, . . . , tn+6]
T. The deﬁnition domain of
the curve is [t3, tn+3], which forms a period exactly. The nodes
inside the deﬁnition domain correspond to the points in Wo
respectively, while the nodes outside the deﬁnition domain
can be determined by periodicity. In this paper the inside nodes
are computed by the centripetal parameterization, namely
t3 ¼ 0
tnþ3 ¼ 1
tk ¼ tk1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Jk3Jk4j j
p
d
ðk ¼ 4; 5; . . . ; nþ 2Þ
8><
>: ð25Þ
where d ¼ Rnk¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Jk  Jk1j j
p
.
The objective curve satisﬁes the following equation set:
Jk ¼ Rkþ3j¼k Nj;3ðtkþ3ÞLj ðt 2 ½tkþ3; tkþ4  ½t3; tnþ3Þ ð26Þ
with k= 0, 1, . . ., n.
where Nj,3 denotes the jth third-order B-spline basis function.
For a third-order, periodical, closed B-spline curve, we have
J0 = Jn. Besides, in order to make the curve satisfy C2 continu-
ity at the point of junction, we have Ln = L0, Ln+1 = L1,
Ln+2 = L2. Thus, equation set in Eq. (26) becomes
N1;3ðt3Þ N2;3ðt3Þ 0 0 N0;3ðt3Þ
N1;3ðt4Þ N2;3ðt4Þ N3;3ðt4Þ 0 0
..
. ..
. ..
.
0 0
0 0 Nn2;3ðtnþ1Þ Nn1;3ðtnþ1Þ Nn;3ðtnþ1Þ
Nnþ1;3ðtnþ2Þ 0 0 Nn1;3ðtnþ2Þ Nn;3ðtnþ2Þ
2
66666664
3
77777775
L1
L2
..
.
Ln1
Ln
2
66666664
3
77777775
¼
J0
J1
..
.
Jn2
Jn1
2
66666664
3
77777775
ð27Þ
Solving Eq. (27) leads to the control vertices. Then the
‘‘outer boundary curve’’ in the uv-plane can be expressed as
CðtÞ ¼ ðuðtÞ; vðtÞÞ ¼ Rnþ2i¼0Ni;3ðtÞLi ðt 2 ½0; 1Þ ð28Þ
Substituting Eq. (28) into Eq. (24) results in the outer bound-
ary curve of Rh in the TNZE system. Analogous procedures
can be applied to the interpolation of the inner boundarycurve. Fig. 16 shows the ﬁtting results of the inner and outer
boundary curves of Rh with h = 1000 km.
4. Engagement analysis of interception
In this section, the engagement analysis of interception is stud-
ied based on the RS model established in the previous section.
Firstly, the concept of time-related RS is introduced. Secondly,
two algorithms of engagement analysis are proposed. Finally,
simulation examples of different interceptors are given to ver-
ify the efﬁciency of the method.
4.1. Intercept window analysis
It is worth noting that the time constraint is not considered in
the RS model. When performing engagement analysis on a
speciﬁc offensive trajectory, it is necessary to take the ﬂight
time into account. In other words, only when the interceptor
reaches PIP at a predestined time can the target be intercepted
successfully. For this purpose, the concept of time-related
reachable set (trRS) is introduced and denoted by NM, where
the superscript ‘‘M’’ represents the speciﬁc offensive trajectory
considered. The deﬁnition of NM is given as follows.
Deﬁnition 5. The time-related reachable set NMrO is a subset of
RrO , whose elements satisfy the time constraint corresponding
to the offensive trajectory M, written as
NMrO ¼
rk : rk 2 RrO ;
rk satisfies the time constraint ofM
 
ð29Þ
where rk is an arbitrary point in N
M
rO
.
The requirement rk satisﬁes the time constraint ofM in Eq.
(29) can be formulated as
NMrO ¼
[
t>tR
NMhtrO
NMhtrO ¼ rk : rk 2 RhtrO ; tk  ðt tRÞf g
8<
: ð30Þ
where tR denotes the earliest moment for interceptor launch; ht
denotes the equivalent altitude of the target at time t; tk is the
Fig. 18 Face-element of R formed by nine points.
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the rest of this paper, NMrO is written as N
M for short. Attention
should be paid to the variable tR, which characterizes the time per-
iod of preparation before interceptor launch, including target
detection, target prediction and engagement analysis, etc. It is sig-
niﬁcant to advance tR when trying to improve the effectiveness of
the ballistic missile defense. Fig. 17 illustrates Rh and N
M
h for a spe-
ciﬁc offensive trajectory M with h= 1000 km. As shown in
Fig. 17, because of the time constraint corresponding to the
trajectory M, Rh shrivels and becomes N
M
h . Note that if the
offensive trajectory changes, the boundaries of NMh may change
as well, because the time constraint is probably different.
The intercept window can be determined simply by comput-
ing the intersection of the offensive trajectory and the time-
related reachable set, given by
IMwin ¼ TM
\
NM ¼ TM
\ [
t>tR
NMht
 !
¼
[
t>tR
TM
\
NMht
 
ð31Þ
where IMwin denotes the intercept window with respect toM; T
M
denotes the set of M’s trajectory points.
4.2. Launch parameters determination
In the present study, A0 and u0 are chosen as launch parame-
ters that determine the interceptor trajectory. Given A0, u0 and
ﬂight time t, a position can be determined uniquely. The R
equivalently gives a one-to-one mapping from (A0, u0, t) to
(L, c, h). The determination of launch parameters is actually
an inverse operation of this mapping.
Based on the characteristics of R’s modeling, the discrete R
is stored in a hierarchical structure as follows:
R
Rh1
Rh2
Rh2c1
Rh2c2 ¼ P1; P2; . . . ;Pnf g
..
.
Rh2cn
8>><
>>:
..
.
Rhn
8>>>>>>><
>>>>>>>:
ð32ÞFig. 17 Rh and N
M
h (h= 1000 km).Clearly, the discrete R in Eq. (32) has formed stereoscopic
nets which lie on the surfaces of concentric spheres with differ-
ent radii, as shown in Fig. 18. PL is a point on the sphere sur-
face which shares the same latitude and longitude with the
launch point of the interceptor. The nine points in Fig. 18 con-
stitute a square-like face-element on the sphere surface. Fur-
ther, choose three adjacent sphere surfaces, and the twenty-
seven points involved form a body-element. The body-element
can achieve a sufﬁciently small size only by adjusting the inter-
vals of A0 and u0 when constructing the R.
For a given PIP Pk = (Lk, ck, hk), choose a body-element
with the center around Pk. Since the body-element is sufﬁ-
ciently small, we have
A0 ¼ A0ðL; c; hÞ 	 Aref þ a1ðL LrefÞ þ a2ðc crefÞ
þa3ðh hrefÞ þ a4ðL LrefÞðc crefÞ
þa5ðc crefÞðh hrefÞ þ a6ðh hrefÞðL LrefÞ
þa7ðL LrefÞ2 þ a8ðc crefÞ2 þ a9ðh hrefÞ2
u0 ¼ u0ðL; c; hÞ 	 uref þ b1ðL LrefÞ þ b2ðc crefÞ
þb3ðh hrefÞ þ b4ðL LrefÞðc crefÞ
þb5ðc crefÞðh hrefÞ þ b6ðh hrefÞðL LrefÞ
þb7ðL LrefÞ2 þ b8ðc crefÞ2 þ b9ðh hrefÞ2
t ¼ tðL; c; hÞ 	 tref þ c1ðL LrefÞ þ c2ðc crefÞ
þc3ðh hrefÞ þ c4ðL LrefÞðc crefÞ
þc5ðc crefÞðh hrefÞ þ c6ðh hrefÞðL LrefÞ
þc7ðL LrefÞ2 þ c8ðc crefÞ2 þ c9ðh hrefÞ2
8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
ð33Þ
where ai, bi and ci (i = 1, 2, . . . , 9) are parameters to be deter-
mined; the variables with subscript ‘‘ref’’ denote the parame-
ters of the reference point, namely, the center of the body-
element. Taking the 27 points forming the body-element as
sample data, these unknown parameters can be obtained based
on the least square theory. Hence, the launch parameters cor-
responding to Pk can be calculated by Eq. (32).
4.3. Simulations
So far, the mathematical description of the R has been pro-
posed and the engagement analysis algorithms based on R
Fig. 20 Rh s of interceptors with different launch latitudes
(h = 1000 km).
1524 H. Chai et al.have been explored. No constraint about the interceptor
capacity or disposition is introduced during the analysis. That
is to say, the method is uniﬁed and adaptable for interceptors
with different energy or from different launch points. Detailed
discussion is given by simulation examples as follows.
Five interceptors are taken into account, whose set-up
parameters are shown in Table 1 (choose the ranges of launch
parameters as A0 2 [0, 360), u0 2 [0, 60]; altitude range of R
as hmax = 2500 km, hmin = 300 km; preparation period of
interceptor launch as tR = 300 s). Interceptor 1, 2 and 3 differ
in burnout velocity but share the same launch point, launch
parameter range, altitude range, and preparation period. Inter-
ceptor 2, 4 and 5 have identical parameters except for launch
points.
Fig. 19 shows Rh s of interceptor 1, 2 and 3 on the sphere
surface with h = 700 km. Apparently, the reachable sets of dif-
ferent interceptors on the same sphere surface are distinct due
to different burnout velocities. Fig. 20 displays Rh s of inter-
ceptor 2, 4 and 5 on the sphere surface with h = 1000 km. It
is clear that a change in launch latitude has resulted in a slight
deformation of R’s envelope. Note that the TNZE frames for
interceptor 2, 4 and 5 are different, and here they are gathered
together for comparison.
Next an offensive ballistic trajectory with parameters listed
in Table 2 is considered.Table 1 Set-up parameters of different interceptors.
Interceptor Magnitudes of
burnout
velocity (m/s)
Coordinates of
launch points
(B0, k0, H0) (, , m)
1 3000 (0, 0, 0)
2 5000 (0, 0, 0)
3 7000 (0, 0, 0)
4 5000 (30, 0, 0)
5 5000 (60, 0, 0)
Fig. 19 Rh s of interceptors with different energy (h = 700 km).
Table 2 Parameters of offensive trajectory.
Semimajor
axis (km)
Eccentricity Inclination
()
Right
ascension
of ascending
node ()
Argument
of perigee ()
5611 0.376 1 360 250(1) Intercept window analysis
The intercept windows of different interceptors are
obtained based on Eq. (31). Since the offensive trajectory lies
near the equator, interceptor 4 and 5 cannot perform a success-
ful interception due to their high latitude. Interceptor 1, 2 and
3 produce intercept windows with different size, i.e.
IMwin;1 ¼ 1561s; 1582s½ 
IMwin;2 ¼ 1367s; 1589s½ 
IMwin;3 ¼ 1061s; 1588s½ 
By comparing the intercept windows of interceptor 1, 2 and
3, a reasonable conclusion can be drawn that the greater the
interceptor energy is, the bigger the intercept window becomes.
(2) Launch parameters selection
Choose Pk = (3.812, 284.779, 698.618 km) as the uniﬁed
PIP of interceptor 1, 2 and 3. By employing the algorithm pro-
posed in Section 4.2, the launch parameters of different inter-
ceptors are obtained and given in Table 3. The zero effort miss
(ZEM), which is deﬁned as the nearest distance between the
target and the interceptor without consideration of coast and
terminal phase controls, is provided as a metric of precision.
Also given in Table 3 are the results of R based on static Earth.
As shown in Table 3, the method proposed in this paper has
obtained small ZEMs for all the three kinds of interceptors, i.e.
Table 3 Calculated launch parameters of interceptor 1, 2 and 3.
R Interceptor Launch azimuth () Desired ejection angle () Flight time (s) ZEM (m)
Based on rotating Earth 1 285.70 36.38 411.74 31.10
2 285.24 31.86 250.23 27.39
3 285.19 35.92 228.73 39.92
Based on static Earth 1 284.78 27.32 427.29 22790.92
2 284.78 28.13 252.51 16588.68
3 284.78 33.04 229.94 15463.63
Note: ZEM denotes zero effort miss.
Reachable set modeling and engagement analysis of exoatmospheric interceptor 152531.10 m, 27.39 m and 39.92 m, which are accurate enough for
the coast and terminal phase controls. On the contrary, for the
method that neglects the Earth rotation, the resultant ZEMs
increase greatly, which may lead to failed interceptions at last.
It should be pointed out that the calculation in this paper has
ignored the uncertainty caused by target state estimation and
interceptor ﬂight control. If uncertainty is taken into account,
the magnitude of ZEM would possibly get larger. This subject
is beyond the scope of the current paper.
5. Conclusions
The RS model developed in this paper provides a novel
approach for engagement analysis of exoatmospheric intercep-
tor, which is both accurate and efﬁcient because
(1) By tuning the intervals of parameter A0 and u0 when
constructing RS, an adequate precision of the engage-
ment analysis can be guaranteed.
(2) For type-and-disposition-ﬁxed interceptors, the compu-
tation-intensive process of RS construction and descrip-
tion can be accomplished in advance, which makes RS
become an inherent characteristic of the interceptor sys-
tem. Then, in the practical interception, the procedures
of engagement analysis can be performed by simple
geometry and algebraic computations, which saves the
operation time greatly.
In addition, the proposed RS model can be applied to other
related ﬁelds, such as interceptor effectiveness evaluation and
platform disposition. The former subject calls for a ﬁne study
of interceptor end-game process, while the latter needs a fur-
ther discussion about the relation between RS and its corre-
sponding geographic region that can be protected.Acknowledgements
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